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1 Introduction

In this paper we present a derivation of the forward kinematics (FK) and inverse kinematics (IK) of a humanoid
robot with 32 degrees of freedom, specifically the ODOI platform. A picture of ODOI is shown in Fig. [1 The FK
and IK are not solved for the entire 32 joints but instead divided into six parts:the two arms(seven joints each), the
two legs (seven joints each), the torso (5 joints), and the head (2 joints).

Figure 1: ODOI humanoid robot.

Forward kinematics (FK) and inverse kinematics (IK) are mandatory in any robot manipulator especially for a
humanoid robot, because usually it is desirable to control the end-effector of the robot (e.g. the hand of one arm)
in its workspace, not in joint space. In other words, tell the hand of the humanoid to go to point (z,y, z) not tell
the joints to go to values #;. However, the joint values are what can be directly controlled, therefore, one needs to
know how to convert from workspace to joint space and vice versa.
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Pieper [6] outlined two conditions for finding a closed-form joint solution of a robot manipulator in which either
three adjacent joint axes are parallel to one another or they intersect at a single point. A joint solution is said to
be ”closed-form” if the unknown joint angles can be solved for symbolically in terms of the arc-tangent function.

Although a robot manipulator may satisfy one of these two conditions for finding the closed-form joint solution,
it is difficult to develop a consistent procedure for finding a closed-form joint solution for a humanoid robot and
selecting one desirable solution from multiple solutions.

However Ali et. al. [5] [I] presented a closed-form solution for the inverse kinematics (IK) of the limbs of the
HUBO2+ robot platform . They used a reverse decoupling mechanism method by viewing the kinematic chain of
a limb in reverse order and decoupling the position and orientation. The authors then used the inverse transform
method to compute eight possible solutions for each limb. The correct solution is selected based on joint limits and
constraints. Later, O’Flaherty et al. [4] improved the method.

In this paper a mix approach is introduced: a closed-form solution is proposed for the arms and the torso based on
the aforementioned works and a geometric solution is proposed for the legs.

2 Forward and Inverse kinematics for the Arm

2.1 Forward kinematics

The forward kinematics problem is that of solving for the end-effector orientation and position given the joint angles.
This is easily solved using the robot geometry and coordinate frames, which are specified in the Denavit-Hartenberg
(DH) parameters [3]. The general homogeneous transformation from one link to the next given the DH parameters
is represented in matrix form as:

COSE@) —sin(6;) cos(a;)  sin(6;)sin(ey;)  a; cos(6;)

il _ sin(6;)  cos(;)cos(a;)  —cos(6;)sin(ey) a;sin(6;) (1)
¢ 0 sin(ay) cos(a;) d;
0 0 0 1

where *~1T; is the transformation from coordinate frame i — 1 to frame i.

Create a DH representation of a mechanical structure composed of motorized joints can be a tedious task and it is
really helpful to have the possibility to visualize it to be sure that the parameters of each joint corresponds to what
you have in mind. Please refer to appendix [A] for some examples of software available for that purpose.

The six *~!'T; transformation matrices for the right arm of the ODOI robot can be found on the basis of the
coordinate systems established in Fig These *~''T; matrices are listed below.

c;, 0 S 0 Co 0 —Sy 0 Cs 0 S 0
S, 0 —C; 0 Se 0 Cy 0 S5 0 —C;3 0
0 _ 1 1 1 _ 2 2 2 _ 3 3
=109 1 0 o Ta=10 1 0 o "Ta=|g 1 ¢ —Ly |’
0 0 0 1 0 0 0 1 0 0 0 1
04 0 S4 0 05 0 —55 0 C@ _56 0 L4CG
S, 0 —Cy 0 Ss 0 C; 0 Se Cs 0 LyS
3 _ 4 4 4 _ 5 5 5 _ 6 6 46
Ts=10 1 0 o Ts=10 1 o Ls CTe=140 0 1 o
0 0 0 1 0 0 0 1 0 0 0 1

The *T;_; matrices that will be needed to compute the joints are listed below.

c;, S 00 Co =S5 0 0 Cs S 0 0

im0 0 10 an | 0 0 -1 0 s | O 0 0 I

To = S, —-C; 0 0 T = —Sy Cy 0 0 " Ta = Sy —C3 0 0|
0 0 0 1 0 0 0 1 0 0 0 1
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c, S, 00 Cs S5 0 0
e O 0 10 s |00 1 —Lsg
Ts = S, —-Cy 0 0 Ty = Ss —Cs 0 0
0 0 0 1 0 0 0 1

where S; = sin6; and C; = cos6;

In order to calculate the forward kinematics (FK), the six transformation matrices from each joint are pre-multiplied
to obtain the position and orientation of the end-effector relative to the shoulder. We define the transformation
from the shoulder to the hand as:

6
0T = [[ 7' T = Ty ' To* T3> T4 T5° T (2)
=1

3 Inverse kinematic Joint Position solution for the Arm

The inverse kinematics is the problem of solving for the joint angles given the end-effector orientation and position.
This is a much harder problem because there are multiple solutions. As mentioned before, when solving the inverse
kinematics of a manipulator, Pieper [6] indicates that a closed-form solution exists if three consecutive joint axes
of the manipulator are parallel to one another, or intersect at a single point. The three shoulder joint axes on the
ODOI intersect at a single point for the arms therefore a closed-form kinematic solution exists for the arms.

Let us write 9T as:



where xg, yg, and zg are the unit vectors along the principal axes of the hand frame and pg is the position vector
describing the location of the hand relative to the shoulder. These three unit vectors describe the orientation of the
hand coordinate frame relative to the shoulder coordinate frame. The vectors n, s, a, and p represent the normal
vector, sliding vector, approach vector, and position vector of the hand, respectively [2].

Using this knowledge, the arm can be viewed in reverse so that the last three joints make up the shoulder, thus
the position and orientation of the shoulder frame can be described relative to the hand frame. This new position
vector, p/, is only a function of 84, 65 and 6¢, and thus decouples the arm into position and orientation components.
The IK problem is solved in this reverse method by taking the inverse of both sides of Eq. . A detailed discussion
(and argumentation) about this method can be found in [5].

o' (M s a p _n/slalp'_(;

T6_<0001>_<0 0 0 1)_T0 @)
We can use the inverse transform method to solve for the last three joint angles by multiplying both sides of Eq.
by ®Tg. This results in an equation where the left side of the equation is:

anm’ — Sgn;! Cgs; — Sﬁs; CGCL;C — Sga; Ce,p; - Sap; + 06L4
(LHS) __ 5 n' s a p\_|Sens' +Cen, Ses,+Ces, Sea,+Csa, Sep, + Cop,+ Sela
G5—arm - T6 0 0 1 - ’ SI a' p/ (5)
0 0 0 1

The right side of the equation is:

g511  gs21  gs31 S4Cs Loy
—CyLy — Ls

GWRHS) _ 5 _ 5 drp 3p 2 I — 5. | 9512 9522 9532 6
prarm 0 A | gs15 9503 G533 S4S5 Lo (6)
0 0 0 1
with:
g511 = C1(C2(C3C1C5 + S355) — 5253C5) — S1(S53C4C5 — C'3S5)
9512 = C1(C2C3S4 + S2Cy) 4+ S1(—S5854)
g513 = C1(C2(C3C4S5 — 53C5) — 5254C5) — S1(53C4S5 4 C3C5)
g521 = S1(C2(C3C4Cs + 53855) — 5254C5) 4+ C1(S3C4C5 — C355)
gs22 = S1(C2C384 + S2Cy) + C1(S354)
gs23 = 51 (02(030455 — 0305) — 525405) + 01(530455 + 0385)

gs31 = S2(C3C4C5 + S355) + C254C5
G532 = 520354 — CoCy
9533 = S2(C3C 1S5 — S3C5) + C25455

We can solve for the last three joint angles by equating the position terms (last column) of Eq. and Eq. @ to
get:

Cﬁ(p;; + L4) — Sep;/ = S4C5Lo
Se(py + La) + Cﬁp;, =—Cyly — L3
Plz = 5485 L2
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Let p; + Ly =rCy and p;J =rSy , and substituting them into Egs. @) and , we get:

7Cey = S4C5Lo (10)
’/’Sﬁw = —C4L2 — L3 (11)
p. = S1Ss5Ls (12)

where r = \/(p; + L4)? + (py,)? and ¢ = atcmZ(p;,p; + L4). By squaring Egs. , and and adding

them, we can obtain an equation for Cly:

o (P, + La)? + (p,)? + ()% — L3 — L3
1T 2LyL5

04 = atan2(£y/1 — C2,Cy) (14)

From Eq. , we can find Ss:

(13)

v
S =g, 05 =atan2(Ss, £/1-89 )

By dividing Eqs and , we get:

Sey _ —Cals — L3
Cey S4CsLo
06 = wrapToPI(atan2(—C4Ly — L3, S4CsL2) — ¥ (17)

tang, = (16)

For the solution of joint angles 61, 3 and 63, multiplying both sides of Eq. by 3Ty, T5 and °Tg. This results
in an equation where the left side of the equation is:

, , , , 9411 9421 9431 G441
qWEHS) __ 3 dp 5p (TS @ P | Ju2 ga22 G432 G442 18
4-arm S AN 9413 9423 9433  J443 (18)
0 0 0 1
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with:

ganr = 1,(S4S6 + CaC5C) + ., (S4Cs — CaC5S) + n,CaSs

ga12 = 1, (S1C5Cs — C4Ss) — n,, (C4Co + S4C56S6) + . SuSs

9413 = TL;SscG — n;S5Sﬁ — n;C5

Gant = 55(S4S6 + C4C5C6) + 5, (S4C — CaCs85) + 5.C4Ss

122 = 5,(S4C5Cs — CuS6) — 5,(C1C + S1C56S6) + 5.5455

g423 = 3;5506 - 5;/8556 - 5;05

gas1 = @, (S4S6 + CaCsCs) + a, (S4Cs — CaCsSs) + a.CaSs

guz2 = 4,(S1C5Cs — C1Sg) — a,(CaCs + S1C56S6) + a.5455

9433 = a;S5C6 — a;/5’55’6 — a;C5

g1 = p,(C1C5Cs + SaSs) +p;;(0654 — C4C5S56) + p,(CuSs + SuLs) + La(CaCs + SuSe)
gaaz = P, (51C5C — CuSs) — p,,(CoCa + SaC5S6) + . (S1S5 — CaLa) + La(S4Cs — CuSg)
9113 = P, S5C6 — P;,S55'6 —p.Cs + L4S5C

and the right side of the equation is:
C1C5C5 — 5195 C183+ 51C2C5  S2C3 0

(RHS) _ 3 2m 1 _ 5 —C152 —515; Cy Ly
Gy gm ="T2"T1 Ty ="Ts S0+ C1CoSs 810585 — CyCs  SpSs 0 (19)
0 0 0 1
By comparing the element (2,3)E| of LHS and RHS of G4_4rm, we can obtain Cs:
Cy = gazz = a,(S4C5C6 — C1Ss) — a,,(C4Cs + S1C56S5) + a.SuSs (20)

0y = atan2(+4/1 — C2,Cs) (21)

By comparing the elements (1,3) and (3,3) of LHS and RHS of G4_ 4y, we obtain two equations. By dividing these
two equations, we can determine the joint solution 63:

5253 gas3
_ a3 22
5203 gazn (22)
% . a;S5C6 — CL;S5S6 — a;C’5 (23)
Cs o a;(S4Se, + C4C5CG) + a;l(5406 . C4C556) + a'zC4S5
63 = atan2(gass, ga31) (24)

by comparing the elements (2,1) and (2,2) of LHS and RHS of G4_4m, we obtain two equations relating to 6;. By
dividing these two equations, we can determine the joint solution 6;:

—5152 9422
_ 25
=C1S2  ga12 (25)
—S1  5,(S4C5C6 — CuS6) — 5,(CaCs + S4C5656) + 5,545 (26)

-1 TL;E(S4C506 — 0456) - n;/(C’4C6 + 5405656) + TLIZS455
01 = atan2(—g422, —ga12) (27)

2The notation (row, column) is used in this document.
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Input -130 ... -95 - -85 - -20 - 20 A 85 ... 95 - 130
Computed 140 ... 175 ... 175 ... -110 ... 700 ... 0 ... 5 .. 40

sin(f3) <0 -40 -5 5 70 110 ... 175 ... -175 ... -140
Objective =220 ... -18 ... -175 ... -110 ... =70 ... -5 .. 5 ... 40

0,

Input -130 ... -95 - -85 . -20 o 20 o 85 o 95 .. 130
Computed -40 . -5 - 5 . 70 . 110 ... 175 ... -175 ... -120
Objective -40 . -5 . 5 . 70 . 110 ... 175 ... 185 ... 220
03

Input -130 ... -95 - -85 . -20 . 20 o 85 o 95 .. 130
Computed -130 ... -95 . -85 . -20 . 20 . 85 o 95 ... 130
SZ?’L(@Q) <0 50 - 85 - 95 - 160 ... -160 ... 95 ... -85 - -50
Objective -130 ... -95 - -85 ... =110 ... 20 - 85 ... 95 - 130

Table 1: (Right arm) Angle values of 6; and 65 depend on the sign of sin(6z)

At this point, we have a solution for all joints, but the value of #; and 65 depend on the sign of sin(f;). Table
shows three tables, one for each joint, namely 6, , #> and 3. Each table contain four rows:

e Input: which is the angle provided as a parameter;
e Computed: which is the angle computed based on the above equations;
e sin(fz) < 0: which contains the angle computed when sin(fy) < 0;

e Objective: which is the expected angle value (remember that for 6; and 65 there is £90 + 6 in the DH
parameters).

In some cases, one can see that in order to match the objective it is necessary to shift the computed angles by
+mor2m.

3.1 Singularities

Three singularities exist for the arm: Elbow, Shoulder and Shoulder-Elbow. Let us detail each of them.

3.1.1 Case 1: Elbow singularity or 6, =0

It means that 63 and 65 are collinear. In this case we need to re-calculate all the angles because the equations
introduced in Section |3[ were based on the value of Cy. It is necessary to go back to Egs. and @ with 64 =0
or Cy = landSs = 0.

Using (3,1) from LHS and RHS of Gs_4p, gives:
52(0305 + 8255) = 52(03’5) = CGCL/I — SG(J,/

Y
Using (3,3) from LHS and RHS of Gs_ -, gives:
S2(C585 — 8285) = —Sa(S3,5) = a,
Thus:
—53 5 a/
3 — z 2
Css  Cea, — Seay, (28)

Or(3—5) = atan2(—a., Cga,, — Sﬁafy



Using (2,1) from LHS and RHS of Gs_ 4, gives:

C18:C4 = Sena’ + Cen,,

Using (2,3) from LHS and RHS of Gs_ 4, gives:
~CoCy = Sga,, + Cea,

thus:

So o Sﬁnz/ + CGHIy (30)
—CQ 01(56(1; + 060,;!)
0y = atan2(Sgn,’ + C'Gn;l, _01(560/; + Cﬁa;) (31)

Please note that in this case the value of 85 will be affected by the sign of C; and the values of both 6; and 01 are
also affected by the sign of Ss.

Using (1,4) from LHS and RHS of Gs_ 4, gives:

0= Csp, — Sop,, + CoLa (82)
Sepy = Cs(p,, + La) (33)
Sﬁ p' + L4
So _pat 34
A - (34)
O = atan2(p; + L47p;,); (35)

Using (2,1) and (2,2) from LHS and RHS of G5_ 44, gives:

0, = atanQ(Sgs; + 065;/, Senz’ + anfy) (36)

01

Input -130 ... -95 ... -85 ... 200 ... 20 - 8 ... 95 - 130
Computed 140 ... 175 ... -175 ... -110 ... =70 ... (R 5 - 40
sin(f3) <0 -40 ... -5 5 70 110 ... 175 ... -175 ... -140
ODbjective =220 ... -18 ... -175 ... -110 ... =70 ... -5 e 5 - 40
02

Input -130 ... 95 ... -85 ... 200 ... 20 e 8 ... 95 - 130
Computed -140 ... -175 ... 5 e 70 e 110 ... 175 ... -5 - -40
theta; <0 40 5 ... =175 ... 110 ... (V. -5 175 ... 140
Objective -40 ... -5 . 5 . 70 . 110 ... 175 ... 185 ... 220
Or

Computed -130 ... 95 ... -85 ... 200 ... 20 .. 8 ... 95 - 130
sin(fa) <0 50 . 85 . 95 . 160 ... -160 ... -95 ... -85 ... -50
Objective -130 ... -95 ... -85 ... 200 ... 20 o 8 ... 95 - 130

Table 2: (Right arm) 64 = 0: Angles are shifted according to both the sign of 6; and the sign of sin(6s)

The value of 05 will be fixed to 0 and thus 5 = —607. Again angles are shifted according to both the sign of §; and
the sign of sin(f2) as it is shown on Table



3.1.2 Case 2: Shoulder singularity or 6; =0

It means that #; and 63 are collinear. In this case, it is necessary to go back to Egs. and @ with 6, = 0 or
C’Q:land52:O.

In this specific case, we need to re-calculate ; and 03 only. As Cy is not equal to 1 the values of 84, 05 and g with
equations described in Section [3]still hold.

Using (2,1) from LHS and RHS of G5_g4p, gives:

S4(C1C3 — 8183) = Sen,” + Con,,
Using (2,2) from LHS and RHS of Gs_ g, gives:

S4(81C5 + C183) = Sps,, + Cgs,

thus:

S3+1 SGS; + C(;SEL}

C341 = Sena’ + Cen,, (37)
Op = atanQ(SGS;c + C'Gsly, Seng’ + an;) (38)
By fixing 61 = 0 then 63 = wrapToPI(5 — ). Moreover, in this case there is no need to shift angles.
3.1.3 Case 3 Elbow-shoulder singularity or 6, and 6, =0
It means that 6y, 5 and 3 are collinear. Using (2,1) from LHS and RHS of G5_ g gives:
C1(C385 — S3C5) — S1(S355 + C3C5) = n,
Using (2,2) from LHS and RHS of Gs_ 4y, gives:
S1(C385 — S3C5) + S1(S385 + C3C5) = 5.
thus:
Or(145-3) = atan2(—n, s.) (39)
By fixing 61 = 0 and 63 = 0, then 05 = wrapToPI(0r145-3) + 5)
06 is processed as in Section [3.1.1}
06 = atan2(p,, + L4,p;); (40)

3.2 Decision table and Metric

The above equations give us 8 solutions, as it is shown in Fig. each one define a Pose: 6;...0g that brings the
arm to the right position and orientation of the end-effector.

The question is: how to select the right one? This is here that we can select the pose that will meet specific
constraints such as torque limitation or the arm must move along a specific geometric constraint for instance.

For our purpose, I choose to limit the variation of the angles between the previous pose and the next one:
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5,1 Bs.2 Bey fs,2

Figure 3: Decision Table for the right/left arm

minimize  cost(j)
j

8 ‘ (41)
subject to cost(j) = Z(Gf“”e"t —67)%
i=1
where §¢4ment represents the the current value of the it joint and Hg is the computed value of the i*" joint in the
4t row in the decision table.

3.3 Algorithm

Once we have identified all the cases, the algorithm is the following:

10



Algorithm 1 Calculate Inverse kinematic for the Arm

/ ! /7
Oy — (py+La)*+(p,)’+(p.)*—L3—L3

2L5L3
if C4 =1 then
Elbow Singularity
6,=0
Or(3—5) = atch(—a'Z7 Cﬁa; — Sga;
0, = atanZ(&;S;r + Cgs;/, Senz’ + C’6n;)
03 =0
05 = —01(3-5)

0 = atan2(p, + L4,ply)
02 = atan2(Sen,’ + Cﬁnly, 701(8601; + C’ﬁa/y)
if 65 = 7 then
Elbow Shoulder” Singularity
Or(145-3) = atan2(—n, s,)
01 =0,03=0
if right arm then
05 = wrapToPI(0r145-3) + 5)
else
05 = wrapToPI(3 — ft)
end if
end if
else
(End of C4 = 1) Shift angle according to Fig. ?? (right arm) or Fig. ?? (left arm)
else
04 = atan2(++/1 — C2,Cy)
0 = wrapToPI(atan2(—CyLs — L3, S4CsLy) — 1)
05 = atan2(Ss, ++/1 — S2)
0y = atan2(++/1 — C2,Cs)
if 5 = 7 then
Shoulder singularity
Or = atanZ(Sgs; + C’GS;}, Seng’ + C6n;/)
03 = —wrapToPI(3 — 0r)
91 == 0
if right arm then
3 = wrapToPI(3 — )
else
03 = —wrapToPI(3 — 0r)
end if
else
O3 = atan2(—gaza, —ga12)
01 = atan2(—ga22, —ga12)
shift angles according to Fig. ??(right arm) or Fig.?? (left arm)
Create the decision table and apply the cost function to find the relevant Pose
end if
end if

11



4 Forward and Inverse kinematic for the left arm

4.1 Inverse kinematic joint position for the left arm

The DH representation for the left arm is given on Fig. [} All the equations to process 6;...05 associated with the
right arms, which have been defined in Section 3| are still valid.

Left Arm

, LY w

Dort
-]

T Denavit Hartenberg - left Arm
2
=+ HIEEEEE T
AT 1 | s0-g1 -80 o q
[ [}--2
Y, [y 2 | @z-50 a0 0 0
3 | 83-80 50 o L1
R T = 4 64 -a0 0 0
< % [ l 5 &5 -80 o L2
%A l |
= £ | 90466 ] L3 a
B
" *
| | |- ATt 3
LI ¥ x:.-" l y
-

Figure 4: DH representation for the left arm

However, the shifting of angles for the left arm is different from the right arm and the values are given on Table
This table is used to shift #;, 0 and 63 angles.

12
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Input -130 ... -95 - -85 - -20 - 20 A 85 ... 95 - 130
Computed 140 ... 175 ... 175 ... -110 ... 700 ... 0 ... 5 .. 40

sin(f3) <0 -40 -5 5 70 110 ... 175 ... -175 ... -140
Objective =220 ... -18 ... -175 ... -110 ... =70 ... -5 .. 5 ... 40

0,

Input -130 ... -95 - -85 . -20 o 20 o 85 o 95 .. 130
Computed -140 ... -175 ... 175 ... 110 ... 70 o 5 .. -5 ... -40
Objective -40 . -5 . 5 . 70 . 110 ... 175 ... 185 ... 220
03

Input -130 ... -95 - -85 . -20 . 20 o 85 o 95 .. 130
Computed 50 . 85 . 95 . 160 ... -160 ... -95 ... -85 ... -50
SZ?’L(@Q) <0 -130 ... -95 - -85 - -20 - 20 A 85 .. 95 - 130
Objective -130 ... -95 - -85 ... =110 ... 20 - 85 ... 95 - 130

Table 3: (Left arm) Angle values of 6; and 03 depend on the sign of sin(6z)

4.2 Singularities
4.2.1 Case 1: Elbow singularity or 6, =0

Equations which have been defined for the right arm in Section [3.1.1]are valid for the left arm. However the shifting
of angles, as expected, is different and is detailed on Table

Tt is interesting to notice that the correct values for 81 are computed when sin(6;) < 0

6,

Input -130 ... -95 - -85 - -20 - 20 - 85 ... 95 ... 130
Computed 140 ... 175 ... 175 ... -110 ... =70 - 70 - 5 . 40

sin(f3) <0 -40 -5 5 70 110 ... 175 ... -175 ... -140
Objective 220 ... -18 ... -175 ... -110 ... 70 ... -5 o 5 o 40

02

Input -130 ... -95 . -85 o -20 o 20 o 85 o 95 o 130
Computed -40 - -5 - 175 ... 110 ... 70 o 5 o -5 o -40
theta; <0 140 ... 175 ... -5 -70 ... =110 ... -175 ... 5 40

Objective -40 o -5 o 5 . 70 . 110 ... 175 ... 185 ... 220
Or

Computed 50 . 85 - 95 . 160 ... -160 ... -95 o -85 ... -50
sin(f3) <0 -130 ... -95 -85 -20 20 85 95 ... 130
Objective -130 ... -95 - -85 - -20 - 20 A 85 ... 95 ... 130

Table 4: (Left arm) 6, = 0: Angles are shifted according to both the sign of #; and the sign of sin(fs)

4.2.2 Case 2: Shoulder singularity or 6, =0

Equations which have been defined for the right arm in Section [3.1.2] are valid for the left arm. However the value
for 05 is:

03 = —WrapToPI(g —O1) (42)

13



4.2.3 Case 3 Elbow-shoulder singularity or 6, and 6, =0

Equations which have been defined for the right arm in Section [3.1.3| are valid for the left arm. However the value
for 05 is:

05 = wrapToPI(g —01) (43)

5 Forward and Inverse kinematic for the Torso

The five “~'T; transformation matrices for the Torso of the ODOI robot can be found on the basis of the coordinate
systems established in Figls] These ~'T; matrices are listed below.

BT T " Denavit Hartenberg parameters for the Torso

)
| | A
ol £l

—— . e 1 | =061 +30 o o
va -= 7 % 2 | so0+82 -80 [+ 0
= 3 83 ag o 1
Enru :‘_L 4 | 9064 80 o a
a2 ,’I [ l ; 5 85 o L2 o
A Lty
v ¥ T
8
L e
I
& v 1 "_-‘Z -1|:
b A §
“:'.r /::_n. :R"
Az, e,
Figure 5: Denavit Hartenberg parameters for the Torso
cCi 0 S5 0 Co 0 =S 0 Cs 0 53 0
S 0 —-C; 0 S 0 Cy 0 Ss 0 —C 0
o _ 1 1 I 2 2 2m. 3 3
Ti=lo 1 0o o =10 1 0 o =10 1 0 L |
0 0 O 1 0 0 0 1 0 0 O 1
Cy 0 Sy O Cs —Ss5 0 LpoCs
B, — Sy 0 —Cy4 O . _ Ss Cs 0 LpoSs
1o 1 0 o0 P lo 0 10
0 0 0 1 0 0 0 1

The T;_; matrices that will be needed to compute the joints are listed below.

C; S1 00 Cy =S5 0 0 Cs S; 0 0
i [0 0 10 e | O 0 -1 0 s | O 0 0 —Lp
To = S; —C; 0 0 T = S Cy 0 0 " Ty = Sy —Cs 0 0 '
0 0 0 1 0 0 0 1 0o 0 0 1
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c, S5 0 0
e O 0 10
T3_S4—C400
0 0 0 1

In order calculate the forward kinematics (FK), the five transformation matrices from each joint are pre-multiplied
to obtain the position and orientation of the end-effector relative to main frame:

5
OT; = [[7'Ti = Ty ' T2 T5° T4 ' T (44)
1=1

5.1 Inverse kinematics

The same method as for the right arm is applied. Let us write °T5 as:

omp_ _ (®5 Ys 2 pPs\ _ [N S a P
T5_(o 0 0 1)‘(0 0 0 1) (45)
where x5, y5, and z5 are the unit vectors along the principal axes of the hand frame and ps is the position vector
describing the location of the hand relative to the shoulder. These three unit vectors describe the orientation of the
hand coordinate frame relative to the shoulder coordinate frame. The vectors n, s, a, and p represent the normal
vector, sliding vector, approach vector, and position vector of the hand, respectively [2].

’
’ ’ / ’

o' (n s a p\ _(n s a p\ _s
T5_<0001>_<0 0 0 1)_T° (46)

We use the inverse transform method to solve for the last two joint angles by multiplying both sides of Eq. by
4T5. This results in an equation where the left side of the equation is:

057190, — 55774; 055; — 353/ 615(1;C — 550,, O5p;c — S5p; + C5LT2

G’A(LLHS)- __ 4T5 n’ 5’ CL' p/ _ Ssng’ ‘|/‘ C5ny 558;7 %7 C5Sy S5a;. -lj C’5ay S5p; + C5p,y + S5L7o
—torso O O O 1 nz Sz Clz pz
0 0 0 1
(47)
The right side of the equation is:
ga11 9421 gazn  —Lr1S4
0
G(RHS) _am _4m 3 2 1o _ | 9412 9422 G432 48
A-torso 0 5oz a0 9413 ga23 9433 Lr1Cy (48)
0 0 0 1
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with:

ga11 = C1(C2C3C4 — S554) — 5155C,
ga12 = C1C2S3 + 51C3

ga13 = C1(C2C3C4 + S2Cy) 4+ 515554
ga21 = S1(C2C3C4 — S954) + C155C,
gaz2 = 51C253 — C1C3

gazz = S1(C2C384 + S2Cy) — C1535,
gaz1 = S2C3C; + Ca5,

9432 = 5253

gazzs = C3

We can solve for the last two (for the torso) joint angles by equating the position terms (last column) of Eq.
and Eq. to get:

Cs(py + Lra) — 5519;, =—L715 (49)
p. = L1Cy (50)
(51)
From Eq. we can find the value of Cy and thus 64:
(P,
Cy (52)

T Lp
04 = atan2(+4/1 — C2,Cy) (53)

Let p; + L2 =rCy and p;} =Sy , and substituting them into Eq. , we get:

7“0501/, - 7“5551/, =—L1S, (54)
—L
Csy = %54 (55)

_ —LiSi® =L S,
T oo

05 = wrapToPI(atan2(+4/1 ) — ) (56)

where 7 = \/(p; + Lr2)? + (p,)? and ¢ = aan(p;,aP; + L12)

For the solution of joint angles 01, 62 and 63, multiplying both sides of Eq. by 3T, and 4T5 . This results in
an equation where the left side of the equation is:

, 9311 9321 G331 G341

GWHS) __3pap (T S @ P\ _ | 9312 G322 G332 342 57
d-torso 0 0 001 9313 9323 9333 G343 (57)
0 0 0 1
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with:

g311 = n;C4C5 — n;C4S5 + n;S4

9312 = H;S4C5 - n;S4S5 - n;C4

g313 = NS5 + n;C5

g321 = 8;0505 - 8;0455 + 8;54

g322 = 3;5505 — 5;5455 — 3;04

323 = 5,55 + 5;05

331 = a,CsCs — a, CaSs + a.5

9332 = G;S405 — a;5'45'5 — a/ZC’4

9333 = G;Ss + a;C’5

931 = P, C4Cs5 — p;C4S5 + .81+ L12CiCs
9312 = P, S4C5 — p;,545'5 — p,Cy + L72S4Cs
9343 = PS5 + p,Cs + L1255

and the right side of the equation is:
C1C3C3 — 5153 C1S5+ 510505 S,C4 0

(RHS) _ 3 2m 1 _ —C152 —5155 Cy —Lp
Gimtorso = T T T0 = | 6 00 L 010,85 $1CoS5 — C1C5 5285 0 (58)
0 0 0 1
By comparing the element (2,3) of LHS and RHS of G5_tors0, We can obtain Co:
Oy = g332 = ,54C5 — a,, 5455 — a.Cy (59)

0y = atan2(+4/1 — C2,C3) (60)

By comparing the elements (1,3) and (3,3) of LHS and RHS of G3_tors0, We obtain two equations. By dividing
these two equations, we can determine the joint solution 63:

S253 9333
_ 9333 61
S52C3 9331 ( )
S5 a, S5 + a,Cs (62)
03 o CL;CC4C5 - a/yC455 + a;S4
05 = atan2(gsss, g331) (63)

by comparing the elements (2,1) and (2,2) of LHS and RHS of G5_;4s0, We obtain two equations relating to 6;. By
dividing these two equations, we can determine the joint solution 6;:

—5185, 9322
g 64
—C152  g312 Y
-8 B S;SSCS — 5;5455 - SIZC4 (65)
-4 o n;S4C5 — Tl/yS4S5 - nlzC4
03 = atan2(—gs22, —g312) (66)
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In the case of the Torso, there is no need to shift angle values and there is no singularity as well.

5.2 Decision table and Metrics

The above equations give us 8 solutions, as it is shown in Fig. [6] each one define a Pose that brings the torso to
the right position and orientation .

Bﬂrl E]2.2 62,1 BE.Z E’z.l 62,2 E2.1 E]E,E

Bg 53 Bg Hg Hg 'Bg ag Bg
| | | | | |

8, 6 8 8§ B, 6, 8 6

Figure 6: Decision Table for the torso

The question is: how to select the right one? This is here that we can select the pose that will meet specific
constraints such as torque limitation or the arm must move along a specific geometric constraint for instance.

For our purpose, like for the arms, I choose to limit the variation of the angles between the previous pose and the
next one:

minimize  cost(j)
J

> ‘ (67)
subject to cost(j) = Z(Gf“”e”t — 95)2.
i=1

where §¢4ment represents the the current value of the it joint and Hg is the computed value of the i*" joint in the

4t row in the decision table.

5.3 Algorithm

In order to compute all the joints the process is quite straightforward because on one hand there is no singularity
and on the other hand not need to shift angle:

e Apply the above equations;

18



e Create the decision table;

e Apply a given metrics to choose the appropriate pose for the torso.

6 Inverse kinematic Joint Position solution for the legs

For information the DH representation of the right leg is pictured on Fig. [/l However, because of the fact that:
e The leg and thigh are not aligned (parameters L3 and D3);

e There is an additional segment (L5) between the rotation of the foot in the frontal plane (65 and the rotation
of the leg in the saggital plane (64).

The methodology we applied successfully for the Arms and the Torso leads us to complex equations which cannot
be solved. This is why for the leg a solution based on geometry is proposed.

Wy,
L.
- pru
it .
' -.‘\'-
5z ., | )
= o %1
21 s
¥
f/ I."-.I E . .
[ 1 LR Denavit Hartenberg - right leg
beo
1 81 490 0 0
L3 2 82 - 90 -a0
D3 L 3 83 ] L3 D3
[ [ Ea——y 3 g4 0 L4 0
v 5 85 90 L5 0
| ¥ %3
L 13 g o LG 0
I o v
f Pl
| (4=, 85
'.\__U 4
LS ¥ xd
— -\-
'/ \I II
() "
Mt 25 8
B ¥ x5
L&

Figure 7: DH parameters for the right leg

19



6.1 let us start with a simple observation
Let us start with an observation based on the mechanical structure of the leg and the thigh. As mentioned before,
the thigh is not aligned with the leg but it makes an angle which is referred to as a.

As it is shown on Fig. [§]if the thigh is rotating along the point K, the trajectory of the perpendicular projection
(represented by a blue dotted line) along the knee point of the point H, which is referred to as Hp, is making a
circle, like H.

Moreover:
e The distance D between H and Hp is constant and equal to L sin(«);

e The rotation angle 6 between H(;) and H(62) is the same as the one between Hp(61) and Hp(6s).

Hijgy}

Figure 8: Decision Table for the torso

6.2 Construction of the tangent plane - resolve 6;

The input is the position (given by v and orientation of the foot (nfo0t, S footandaoet), as the foot is articulated
(active articulation of the forefoot and passive articulation of the heel), we may have an angle between the ground
and the foot.

In order to compute 6g, which is referred to as the lateral angle of the ankle, we will compute the plane, referred to
as Planep which is (see Fig. [9}(A)):

e Tangent to a sphere whose radius is D (as defined in ??) and the center is one extremity of the Pelvic;
e which is passing through the foot articulation F'.

In order to compute this plane, we need to compute the points of tangency between the sphere and Planep The
math to compute these points is discussed in Appendix [B]

Actually, two points are computed: 77 and T5. In order to select to correct one, the dot products PeT1and PeT?2
are computed and the selection will be based on the sign value which must be positive (see Fig. [9](C)).

Once the point T is known, we are able to compute the vector normal to Planep, referred to as np:

np = FT x N foot (68)

where x represents the cross product and n 5, represents the orientation of the foot with respect of the ground -
remember that the foot is articulated!
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U = Nrootr

E P
Articulated foot: Qfoot : Sfoot M\ foot R S
[ FPositiongiventy P In the cut plan P
*  Orientation given by 4 p foot

ﬂ'f'aar

(A) (B)

Rfgatr Efoper oot

Figure 9: Computation of the tangent plane

Then we compute the intersection of Planep and the plane which represents the orientation of the foot with respect
to the vertical. The intersection is a line which is defined by its vector director v.

Now we know all the information to compute s (see Fig. [9](B)):

V ®Sfoot

[IvIllIstoot ) (69)

0 = arccos(

6.3 Projection in the tangent plane: resolution of ankle 65 and knee 6, angles

In order to compute 05 and 64, we compute the point (2, ypr) which is the projection of the vector FT on Plane P

(see Fig. [10):
xH:F_ToﬁyH:F_’TOﬁ (70)

where @ = 150t

Then we compute the intersection of two circles, one with a radius R which is equal to the length of the leg L and
one with radius Ra which is equal to Lz sin(a) (refer to

There are two solutions K7 and K5 and the sign of the cross product OH x Kf, 2 =xRYK1,2 — YTK1,2 allow us to
select the correct point, referred to as K.

Once K is known we are able to compute the ankle (64) and knee (65) saggital angles:
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Projection on plane <P H {xn. ¥l

Ra
Binee

K (%o Yienee] ]

u(x)
Figure 10: Computation of 5 and 6,.

D1? — R? — RaQ)
—2RRa
04 = 180 — ¢ (71)

¢ = arccos(

05 = arctan(m—K)
YK

This is here also where we take case of the singularity regarding the alignment of the leg and the thigh, i.e.f05 = 0

6.4 And finally the last three angles 6, 0, and 65

Let us go back to the sphere and the tangent point. If we take a closer look at the sphere, as it is shown on Fig.
the tangent point allows us two to compute 6; and 5.

However, we need to know T in the Pelvic frame, which is computed as follow:

TP T,

TpP 1| T

ng;) - (Tpelvic) ! TZ
1 1

Where Tpeivic is the transformation matrix associated with the Pelvic. Knowing T in the pelvic frame, 6; and 6
are computed as follow:

T.
0, = arctan(=")

(72)

T,
0y = arcsin(—2)
,

r=\/T,> +T,> + T.”

Once #; and 6, are known, it is possible to get 5. We have all the information to set the Thigh at a position where
03 = 0. This is done by applying ROT, and ROT,, to the Pelvic transformation:

22



The tangent Point T on the sphere gives us two important information:

& gives us the Rotation around the Y-axis

o gives us the rotation around the X- ~ .
. axis (lateralization) // \\\
LY

~, i
Py Fi ) Fi
.'llll.
.-"r-ll _
/Taﬁge ntpoint T Tangent point T
¥ o= sin“(ii) Y
Right side . Left side
G=tan"'(9)
X
8, = tan™()
Bl = 9{] - E

Figure 11: Computation of #; and 65.

Tthigh (93 = 0) = TpelvicROTy(92)ROTm (91)

By providing this transformation to the thigh, we are able to know the position of the knee Ko when 5 = 0 (and
Ko belongs to Planep).

CK ¢ CK,

ICK|[|[CKo|) (73)

0 = arccos(

7 Put things together

In this Section, we will bring together the torso and the arms. Transformations related to the torso will be
represented by a T and transformations related to the arms with A

We define two new ”end points” for the torso, the right shoulder (rs) and the left shoulder (1s), these two end points
are computed based on the transformations below:

100 0 100 0
010 0 010 0
5 _ 5 _
Trs =10 0 1 —Lpy TS =0 0 1 Ly
000 1 000 1
The right shoulder is defined by:
'Trs = °T ' To*T3° T4 T5° Ty (74)
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—
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0
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\

ZEjarm (ay)

¥E jym (nr) XEiarm (nr)
Zg,
Xz, Yo,
Figure 12: Decision Table for the torso
and the left shoulder by:
0T g =T ' To°T5* T4 T5° T g (75)

In order to connect the arms, two other matrices are required: T p which rotates the frame (X Er,Y Er, ZEr)
related to Torso and 2T ,.,, which rotates the frame (X, Yp, Z5) to match the root frame (Xo, Yy, Zg) or the arm.

0 0 1 0 0010

RSm  _LSm | 0 1.0 0 5 |1 0 0 0
Te=""Ts=|_1 ¢ o o0 To=10 1 0 0
0 0 0 1 00 0 1

Finally, we defined two transformations :
(76)

The arms will then be connected to the torso by pre-multiplying Ag, .. (as defined by Eq by °T,,.,,. and
°A by °T
6rarm Yy Oarm*
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The complete 3D representation of the robot is displayed on Fig.

Figure 13: 3D representation of the robot once all the ”pieces” are assembled

The Inverse kinematics equations work if the objective is defined in the shoulder frame. As the objective is defined
in the main frame, we need to write the equation to compute it in the right/left shoulder frame. If we look at Fig.
we can see in red color an objective defined by its coordinates (Xg,, Yr,, Zr, and its orientation (7ig,, Sry, AR, )
in the main frame. If we consider the transformations which link the objective in the main frame to the right
shoulder we have:

ObjTRO _ ObjTRSRSTRO (77)

Therefore the transformation which brings the objective in the right shoulder frame is:

Obj TRS _ (Obj TRO ) —1 RSTRO

Obj TRS — (OTRSTSTBBTO) —1RSTR0

The objective in the Shoulder frame is defined as:.

NRS SRS QRS PRS __ Obj nRo sRo a’Ro pRo
<0 0 0 1)‘ TRS(O 0 0 1) (79)
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A Useful package to visualize DH-based representation of an articu-
lated body

I found one very useful package developed in Python by Rufus Fraanje from the Hague University of Applied
Sciences. It is straightforward to install and easy to use. It is based on Python-visual and can be downloaded from
github: https://github.com/prfraanje/python-robotics

The picture below gives you an example of how a manipulator is displayed.

Figure 14: 3D graphic display of a manipulator based on a DH-based representation

The code is pretty straighworward as one can see:

from links import *

scene = display( title ="UR 5’,center=(0,0,0),forward=(—1,—1,—1),up=(0,0,1),background=visual.color.background,range=>5)
scene.fov = 0.01 # mimic orthographic projection

scale = 1;
FO = frame([0,0,0], label="O’,scale=scale)

# Denavit—Hartenberg parameters of the UR5 robot, see e.g.

# http://www.universal—robots.com/how—tos—and—faqs/faq/ur—faq/actual—center—of —mass—for—robot—17264/
# note that the a’s and the d’s here are in meters, and the
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# alpha’s and the theta’s are in degrees
# you may use radians as well, but then change the unit in links below to

# unit="rad’

al = 0 # link length

alphal = 90 # link twist

d1 = .089159 # link offset ( controllable )
thetal = 0 # joint angle (controllable)
jointl ="'r’

a2 = —0.42500 # link length

alpha2 = 0 # link twist

d2 = 0 # link offset (controllable)
theta2 = —90 # joint angle (controllable)
joint2 = ’r’

a3 = —0.39225 # link length

alpha3 = 0 # link twist

d3 = 0.0 # link offset (controllable)
theta3 = 0 # joint angle (controllable)
joint3 ="'r’

ad = 0 # link length

alphad = 90 # link twist

d4 = 0.20915 # link offset ( controllable )
thetad = —90 # joint angle (controllable)
jointd ="'r’

ab = 0 # link length

alphab = —90 # link twist

d5 = —0.19465 # link offset ( controllable )
theta5 = 0 # joint angle ( controllable)
joints ="'r’

ab = 0 # link length

alpha6 = 0 # link twist

d6 = 0.1823 # link offset (controllable)
theta6 = 0 # joint angle (controllable)
joint6 = ’r’

# these are the joint variables

# in these case they are all angles (in degrees)

# that come on top of the offsets defined by the

# theta angles above, so use q as the joint variable
# and theta just as the offset

ql = 30

q2 = 30

q3 = 30

q4 =90

a5 = 30

q6 = —30
scale = 0.5

L1 = link(F0,a=al,alpha=alphal,d=d1,theta=thetal,q=ql,joint=joint1,label="L1’ scale=scale,unit="deg’)
L2 = link(L1.frame,a=a2,alpha=alpha2,d=d2,theta=theta2,q=q2,joint=joint2,label="1L2" ,scale=scale,unit="deg’)
L3 = link(L2.frame,a=a3,alpha=alpha3,d=d3,theta=theta3,q=q3,joint=joint3,label="L3’ scale=scale,unit="deg’)
L4 = link(L3.frame,a=a4,alpha=alpha4,d=d4,theta=thetad,q=q4,joint=joint4,label="14" scale=scale,unit="deg’)
L5 = link(L4.frame,a=a5,alpha=alpha5,d=d5,theta=theta’,q=q5,joint=joint5,label="L5’ scale=scale,unit="deg’)
L6 = link(L5.frame,a=a6,alpha=alpha6,d=d6,theta=theta6,q=q6,joint=joint6,label="L6’ scale=scale,unit="deg’)

scene.camera(F0,forward=[—1,—1,—1],up=[0,0,1])
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B Find a plan tangent to a sphere

So we want the plane that passes both P and @) and touches the sphere (radius ). Let that point, where the sphere
and the plane meet be X («, 3,7).

Since X is on the sphere, it satisfies o + 5% + 2 = r2.

Also, the vector OX will be the normal vector to the tangent plane. The plane passes X so, the equation of the

plane is
alz—a)+ By —B)+7(z—7) =0

Thus,

ax + By + vz =12

This plane passes through P and @, so plugging the values in gives us,
azy + By + 21 =17
axy + Bys +yz =13

Overall, solve these three equations,

axy + By + vz =17 (80)
azo + Bys + yze =12 (81)
?+ B+ =07 (82)

to get the values of a, 3, 7.

From Eq. we have:
r? = By — vz
= (83)
Z1

input « in Eq. :

X
;2( > = Byr —yz1) + Byz +yze =17
1
thus Y12 2122 Z2
Blyz — ) — —z) =11 - =
I X I
or
8=Av+B (84)
with: iz
A= T =2
B Yo — L2
T1
B r2(1 — %)
y2 = 52
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Reintroducing Eq. in Eq. :
r? — (Ay+B)y; — 21
I
Y(=Ayr —z1) +1r° — By
x1

a=Cy+D (85)

o =

o =

with: A
C— —AY1 — 21
T

r? — By:
z1

D=

Input Eqs and in Eq. :

(Cy+D)? + (Ay +B? ++2 =12
73(C*+ A% +1) +9(2CD +2AB) + D* + B> —r? =0

by solving this second order equation we have two values for v and we can compute two values for 5 with Eq.
and two values for a with Eq. .
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